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For any integer m (>2), it is known that there are simple graphs of maximum 
valence m whose edges cannot be coloured with m colours in such a way that ad- 
jacent edges shah have different colours. We find those values of m and k for which 
it is true that every simple graph whose maximum valence does not exceed mk 
can be coloured with m colours in such a way that no colour appears more than 
k times at any vertex. 
I. DEFINITIONS AND NOTATION 
Let U denote the set of all isomorphism classes of finite simple graphs. If G 
is a simple graph, let d(G) denote the largest of the valences of its vertices. 
For any positive integer k, let Ck = {G E U : d(G) < k}. Let E(G) denote 
the edge-set of G. If F C E(G), let (F) be the subgraph of G induced by the 
edges of F. 
An (m, k)-colouring of G is a partition of E(G) into m parts Fl , Fz ,..., Fm 
such that (Fi) E Ck for each i. The k-chromatic number x~(G) is the smallest 
integer m for which there is an (m, k)-colouring of G. It is clear that x1(G) is 
simply the edge-chromatic number of G. Let Ck”’ = {G E U : x~(G) < m}. 
Thus Ckm is the set of graphs whose edges may be coloured with m colours in 
such a way that, at each vertex of G, no more than k incident edges are 
coloured the same. Clearly, Ckl = Ck . 
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2. MOTIVATION 
A well-known theorem of Vizing [3] asserts that x1(G) = d(G) or d(G) + I. 
In our notation, this may be written 
Clrn c cm c cr+l. (2.1) 
It is known that for each integer m (2 2), there are graphs of maximum 
valence m, but whose edge-chromatic number exceeds m; these are called 
graphs of Class II. The classification problem arises because Cm # Clm. 
3. GENERALIZATION 
If n and k are positive integers with n > k, we may write n = mk + r, 
where m and r are integers with m > 1 and 0 < r < k. It follows from 
results proved in [2] that 
Ckrn c cn g c2+? (3-l) 
(The first inclusion is obvious; the second follows easily from Vizing’s 
theorem). It is easy to see that Chm # Cn whenever k is not a divisor of n; in 
this case a classification problem analoguous to that of Section 2 arises. No 
such problem arises if Ckm = Cmk : we ask, for what values of m and k is 
this true? We also ask the related question, when is it true that Ckm = Cmk? 
4. SOME EXAMPLES 
In this section we shall describe some simple graphs. They will be used to 
prove Theorem 1 in the next section. 
EXAMPLE 4.1. If k is odd and m is even, the complete graph Kmk+I is 
regular of valence mk, but xk(Kmk+l) > m. 
Proo$ Kmk+I has +mk(mk + I) edges. In any partition of its edge-set 
into m parts, some part will have at least {mk(mk + 1)/2m] edges ({xl denotes 
the smallest integer not less than x). Since k is odd and m is even, this part 
has at least ik(mk + I) + & edges. The subgraph induced by this part has, 
at most, mk + 1 vertices and, therefore, its average valence is, at least, 
k + l/(mk + I). Thus, there is at least one vertex whose valence (in the 
the induced subgraph) exceeds k. 
EXAMPLE 4.2. Let m, k be odd numbers (>l). We construct the graph 
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Gm,k as follows. Let Gr and Gz be two copies of Kmh+z . From each, remove an 
independent set of $(mk - 1) edges. In each, there remain three vertices 
which still have valence mk + 1; say a l , bl , cl (in (3 ad a2 , b2 , G (in (%I. 
Remove the edges & and &cr from Gr , and a.& and bzcz from Gz . Finally, 
form Gm,k by inserting the edge blbz . 
Any spanning subgraph H of Gm,k , which is regular of valence k, must 
contain the edge blbg . (Otherwise, H would be the union of two disjoint 
subgraphs each of which would be regular of odd valence (k) on an odd 
number (mk + 2) of vertices. Clearly, this is impossible.) 
Hence there cannot be m disjoint spanning subgraphs of Gm,k, all regular 
of valence k. We conclude that x~(G~,J > m. 
EXAMPLE 4.3. Let m and k be odd numbers with m > k > 1. Let a0 ,..., 
hnk-1, u be the vertices of the complete graph &+r . Then &k+1 is the union 
of mk l-factors A,, ,..., Awkel , where the edges of Ai are 
{G+~, vl++d 6 = 1, L., i(mk - 11) 
and 
&nk+lh u>* 
the indices all being taken modulo mk. For each i, let Bi be the graph Ai 
with the edge {v~+~ , vi} removed. For 0 <j < k - 1 let 
In Hj the vertices v~+~~ , Zlr+jm ,..., v(+.~)+~~ have valence m - 1, the re- 
maining vertices have valence m. Let !-vr be another vertex and let Pj be the 
graph formed from Hi and w1 by adding in the edges 
Then in Pj , w has valence m - 1, all other vertices have valence m. Let Qj 
be a copy of Pj on a disjoint set of vertices; let wz be the vertex corresponding 
to WI . 
Next let 
Then in Rj the vertices v~+~~~ and ul+jm have valence m - 1, the remaining 
vertices have valence m. Let Ri be a copy of Rj on the corresponding vertices 
, v0 ,..., vkkel , U’ (which are disjoint from all vertices mentioned so far), and 
let Tj be the graph formed from Rj and w1 and we by inserting the edges 
iwl , vA+~A ad 1~~ , ~i+~d. m en, in Tj , wr and wz have valence 1, all other 
vertices have valence m. 
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Let Gj (see Fig. 1) be the union of Pj , Tj , and Qj . Then Gj is regular of 
valence m. Let H,,,k be the union of the G, ; for each indexj the same vertices 
are used in the construction of Gj , so the graph Hmek is regular of valence mk, 
and is the union of k graphs, each regular of valence m. Therefore Hm,k E C,,,k. 
However, as we shall see Hm,k # ckm. 
The graph Gj 
FIGURE 1. 
ProoJ The set D = {{We, ao+jm} :j = O,..., k - 1} is a cutset of Hm,k 
containing k edges. Let B be any graph, regular of valence k, which is a 
spanning subgraph of &k . Then B must contain at least one of the edges 
of D; for otherwise B would, have a (not necessarily connected) component 
which was a spanning subgraph of lJfzl Pj , and so would be a regular graph 
of odd valence on an. odd number of vertices, which is impossible. Since 
there are only k edges in D, and since m > k, there cannot be m disjoint 
spanning subgraphs of &,k of valence k. This proves that Hmzk $ ckm. 
5. THEOREM I 
Let m and k be positive integers. Ckm = Cm% if and only if k is even or 
m = 1. ckm = Cmk lyand only fboth m and k are even, or k = m. 
ProoJ It is proved in [1] that, if k is even and G is a graph, then xk(G) = 
[(A(G) + k - 1)/k] ([x] denotes the largest integer not exceeding x). It 
follows that, if G E c,,,k, where k is even, then xk(G) < m. This proves that 
c,& C Ck* when k is even. But, from 3.1, Ckm C c,,& . Thus ckm = cmk when 
k is even. If both k and m are even, then ckm = Cmk = c,,,k . 
In Example 4.1, we showed that Kmk+1 $ Ckm, when k is odd and m even. 
But, clearly, Kmk+l e c,,,k . Thus, Ckm # c,,,k when k is odd and m is even. It 
fOllOWS that ckm # cmk, when one of k, m is odd, the other even. 
The graph %,,k of Example 4.2 is regular of valence mk. Hence, GmVk E c,,&k. 
But we showed that Gm,k $k ckm. Thus Ckm # Cmk when both m and k are 
odd. 
It remains to prove that Ckm # C,,,k when both k and m are odd and k # m. 
294 FIILTON AND JONES 
lf m > k > I, then Hm,k E Cf,LL but HwLsk $ Ckla. If 1 < m < k, then Hk,?,, E 
Gm tm ffm $ Gk. Wm,,t was constructed in Example 4.3). It is, of course, 
well known that CIm # CWcl when m > 1. 
6. FINAL REMARKS 
Theorem I would also hold if U were the set of all isomorphism classes 
of finite multigraphs (i.e., multiple edges are permitted but not loops). The 
argument would be the same, except Example 4.3 could be replaced by a 
simpler example. The same applies to Theorem 2. 
Our final remark is that as Examples 4.1-4.3 are all regular graphs one can 
use them in conjunction with the results in [1] to prove additional results. 
For example, let S(G) be the smallest of the valences of the vertices of G and 
let Dk = {G E U : 8(G) 2 k}. 
An (m, k)-covering of G is a partition of E(G) into m parts Fl , Fz ,..., F,,, 
such that (Fi) E Dk for each i. The k-cover number K~(G) is the largest 
integer m for which there is an (m, k)- covering of G. Let Dkm = {G E U : 
tck(G) > ml. 
THEOREM 2. Let m and k be positive integers. 
Dkm = Dmk if and only IY k is even or m = 1, 
Dhm = Dmk $and only $both m and k are even, or k = m. 
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